We propose an algorithm for calculating matrix elements of the non-linear Boltzmann equation collision integral in isotropic case. These matrix elements are used as starting ones in the recurrence procedure for calculating the matrix elements of the collision integral, which is non-isotropic with respect to velocities, as described in our previous paper. In addition, isotropic matrix elements are of independent interest for the calculation of isotropic relaxation in a number of problems of physical-chemical kinetics. It is shown that the coefficients of the isotropic matrix elements expansion in terms of Ω -integrals are connected by recurrence relations that allow us to calculate them sequentially.
Introduction
The progress of modern technology both due to miniaturization of devices and more intense operating modes requires to treat kinetic problems by consideration of the distribution function (DF). Knowledge of the distribution function at high values of the velocities turns out to be decisive for the calculation of physical-chemical processes in gas and plasma. Finally, the natural evolution of the kinetic theory itself leads to the necessity of developing methods for calculating the distribution function that is far from equilibrium. One of the methods for solving the Boltzmann equation for a system that deviates strongly from equilibrium is the method of polynomial expansions, in particular, the moment method in which the distribution function is expanded in terms of Barnett functions H r,l,m = S The main drawback of this method was the lack of sufficient number of computed collision integral matrix elements (ME). As a rule, non-isotropic ME with small indices l were calculated in the kinetic theory of gases [1, 2] . This is due to their great importance for the calculation of the transport coefficients in the case of small deviations from equilibrium. In highly nonequilibrium processes, accurate calculation of the distribution function requires matrix elements with large indices.
The analytical formula for ME (see, for example, [3] ) are extremely cumbersome.
In [4, 5] , a much simpler method to determine ME sequentially using recurrence procedures has been proposed.
The present paper is closely related to our previous work [6] , which describes the recurrence procedure for constructing any non-isotropic (corresponding to a velocitynon-isotropic distribution function) matrix elements. The isotropic ME are used in the procedure as starting ones. It is important to note that information about interaction cross sections is used only at the stage of isotropic ME calculation. It will be shown in the paper that any isotropic MEs, both linear and non-linear, can be represented as a linear combination of Ω -integrals whose coefficients are related by algebraic recurrence relations.
It should be noted that the calculation of isotropic ME is important not only to complete our recurrent procedure. Recently, an article by Shizgal and Drydy [7] appeared, in which the expansion coefficients of linear isotropic MEs in terms of Ω integrals are calculated. This article describes a number of applied problems where linear isotropic ME are necessary. This is important, for example, in the calculation of a distribution function of small quantity of the atoms (or ions) in the equilibrium gas of atoms of another kind.
In [7] , the importance of the isotropic relaxation, i.e. stage at which the DF relaxes, remaining isotopic is emphasized. The rates of physical-chemical processes physical-chemical transformations at this stage are determined by the behaviour of the DF at high velocities.
Thus, the expansion of isotropic matrix elements in Ω-integrals is important both to obtain starting ME for the recurrence procedure and, as itself, to solve relaxation problems, in particular, for physical-chemical kinetics.
Statement of the problem
Non-linear collision integrals for each pair of gas mixture components with masses m a and m b and densities n a and n b for isotropic distribution function (f a (v) = f a (v) ) have the form:
The particle velocities before and after the collision are related by
where k is unit vector, directed along g. The scattering angle θ is determined by the relation cos θ = k · g ′ /g, and σ ab (g, θ) is the differential scattering cross section.
When applying the moment method to isotropic problems, the distribution function of the a-th component of the mixture f a (v) is expanded in Sonin polynomials
Here k is the Boltzmann constant, and T is the temperature of the weighted Maxwellian.
The isotropic matrix elements (K a a,b ) r r 1 ,r 2 are defined in terms of the collision integralŝ I(f a , f b ) as follows:
In a more general, non-isotropic case, ME are defined by a formula similar to (4), however, Barnett's functions H r,l,m = S r l+1/2 (x)Y l,m (θ, φ) are used as the basis functions instead of Sonine polynomials, where Y l,m (θ, φ) are spherical harmonics.
As it was shown in [8, 4] , isotropic ME (K a a,b ) with different indices are related by
In the case of a power-law dependence of the potential ϕ on the distance r (ϕ ∼ 1/r κ ) the cross section is represented in the form
Here z = sin 2 (θ/2), γ = (κ − 4)/κ, F ab γ (θ) is the angular part of cross section, θ is the scattering angle.
In the case of scattering cross section (7) the ME is proportional to T µ , where µ = γ/2 (see, e.g. [9] ).
Relations (6) become algebraic recurrence relations:
The relations (8) allow us to establish the recurrence procedure for sequential determination of ME and linear ME K r r 1 ,0 (first type) or K r 0,r 2 (second type) are the starting ones. The simple analytical formulas for these starting ME were obtained [8, 4] in the case of a monoatomic gas. On the basis of recurrence relations (8) In the case of arbitrary interaction laws, the calculation of linear nonisotropic MEs for small values of the index l (l = 1, 2), corresponding to the expansion of the DF in spherical harmonics, is analytically carried out in [1, 2] . As a result, such MEs are represented as a linear combination of double integrals (Ω -integrals) containing the cross section of the interaction σ ab (g, θ). ab in (9) is determined by the expression
Following [2], we write Ω -integrals in the form
Analytic representations of isotropic linear MEs of both first and second types in the form of finite sums of Ω -integrals are obtained in [11] by analogy with the method of calculating integral brackets [1, 2] , which is well known from the kinetic theory.
In this case, just as in [1, 2] , the generating function for Sonine polynomials is used, the same integration variables are chosen, and the orders of numerous summations are changed in the same way. In the isotropic case, the calculations turned out to be much simpler. It is especially simple to express linear isotropic ME of the second type K r 0,r 2 through Ω -integrals. Therefore we choose the expansion coefficients of these ME as the starting ones to calculate all isotropic ME by recurrence procedure.
In this case, instead of the functions Q (n) ab , it is convenient to use
By analogy with Ω -integrals, we define Ω * -integrals
Ω * -integrals can be easily expressed in terms of Ω -integrals, and conversely:
We give here the representations of linear isotropic ME of the first and second types obtained in [11] via Ω * -integrals. For ME of the first type, we have
A * (1) p,q;n,m = 8ν 
where
From these formulas it is clear that the representation of ME of the second type in terms of Ω * -integrals is much simpler. Therefore, it is natural to start the recurrent procedure with ME of the second type.
Derivation of non-linear matrix elements
Let us show that starting with linear ME of the second type (16) and using the relations (6) one can construct all isotropic MEs, both non-linear and linear of the first type. Despite the fact that (6) includes the ME derivative with respect to temperature , the relationships between the coefficients of the ME expansion in Ω -integrals, as will be shown below, turn out to be algebraic.
Taking into account (13), it is easy to see that Ω * -integrals are related to each other in the same way as Ω -integrals (
We write the recurrence relation (6) in the form
In what follows, it is convenient to use not r 2 , but N = r 1 + r 2 as the second lower index in the matrix element (K 
In accordance with (16) and (20) for r 1 = 0 we have 
Let us consider the recurrence relation (21) for r 1 = 0. First, using (18), we rewrite the term containing the derivative: 
The same recurrence formula is valid for the expansion in Ω -integrals. The only difference is in the initial expansion coefficientsβ r 0,N (n, m). We especially note that for any fixed mass ratio the recurrence formula (28) for the matrix β is universal and does not depend on the interaction cross section.
We wrote a program for calculating the matrix β by the formula (28). The obtained coefficients of the expansion of the linear isotropic ME of the first type (K a a,b ) q 0,p in Ω -integrals, coincide with ones that analytically found in [13] for several first indices. We emphasize that these MEs are calculated at the final step of the recurrence procedure after the determination of all non-linear ME.
Thus, it is shown that the connections between MEs can be used as recurrence relations in the calculation of non-linear ME for arbitrary interaction laws.
Note that the calculation of the expansion coefficients β r r 1 ,N (n, m) should be carried out with high accuracy. To implement the calculation, taking into account a large number of significant digits, we used the package MPFUN2015 [14] . We compared isotropic non-linear ME K 
Power interaction law
Let us derive the expression for Ω (n,m) * ab in the case of power interaction law. Substituting the cross section (7) into the expression for Q (n) * ab (11), after integrating over g, we get
Here J n (µ), unlike the case of arbitrary potentials, is determined by the angular part of the cross section only:
Let us show that in this case the expression for linear isotropic ME of the second kind, which are the starting ones in the recurrence procedure based on (8) , are much simpler than in the general case. To do this, we substitute the Ω * ab (29) into the expansion (16) - (17):
Using the integral representation of the B -function [15] , it can be shown that
Replacing the last sum in (31) by the expression (32) for t = p+q−2n, a = n+3/2+µ, and b = n + 3/2, we obtain the linear isotropic ME of the second type in the form of a single sum
Thus, in the case of power interaction law, a simple formula is obtained for linear isotropic ME of the second type with an arbitrary mass ratio. This formula for a monoatomic gas (µ a = µ b = 1/2, m ab = m/2) coincide with the expression obtained earlier by other method in [8, 4] .
Let us express J n in terms of the parameters of the power potential. It follows from (10) that for power potentials
Consider the potential
It is known (see, for example, [2] ), that in the case of the potential (35) Q (n) ab (10) can be represented in the form
The method of constructing the angle θ(s, ν) can be found, for example, in [2] . The values of A n (ν) for n = 1, 2 for a set of integer values ν in the range 4 ≤ ν ≤ ∞ are also given there.
An analogous formula is valid for Q
whereÃ
Substituting (38) to (34) we get
Thus, the value J n (µ) in (33) is completely defined.
Conclusion
When calculating highly non-equilibrium distribution functions by the moment method, it is necessary to take into account a large number of terms in the expansion of the distribution function, hence, matrix elements with large indices are necessary. In our papers [8, 4] it is shown that MEs with neighbouring indices are connected by the relations that follow from the invariance of the collision integral with respect to the choice of the Maxwellian weight parameters in the Barnett expansion, namely, temperature and mean velocity.
In the case of power interaction law, all the relations connecting ME are algebraic.
This allowed us to construct a recurrence procedure for sequential determination of the ME [8, 4] . The obtained matrix elements were used to calculate the distribution function in the case of strong deviation from equilibrium, in particular, in strong constant and variable external fields [16] .
For arbitrary laws of interaction, the relations connecting non-isotropic MEs (they follow from invariance with respect to the choice of the mean velocity of the weight Maxwellian) are also algebraic. On their basis, a reccurence procedure was constructed in [6] , which allows finding all non-isotropic MEs if isotropic MEs are known. Thus, the construction of isotropic ME acquires special significance.
For arbitrary (not power-law) laws of interaction, the relations connecting isotropic ME include a derivative with respect to temperature. The use of Ω -integrals wellknown in the kinetic theory allows to reduce the relations to algebraic ones. Taking into account that the derivative of the Ω -integral with respect to temperature is expressed in terms of a linear combination of Ω -integrals, it is possible to obtain algebraic relations for the coefficients of the ME expansion in Ω -integrals.
It turned out that it is more convenient to consider the coefficients of the expansion in Ω * -integrals (12) , which are easily expressed in terms of Ω -integrals. These coefficients are sequentially determined using the recurrence procedure described in this paper, and it is advisable to use the expansion coefficients of linear isotropic ME of the second type K r 0,r 2 , which have the simplest form (17). It should be noted that the relations connecting the expansion coefficients are common for Ω * and Ω -integrals, they also do not depend on the masses of the colliding particles. The mass ratio enters only in the initial expansion coefficients (17).
We have implemented a procedure that allows us to compute sequentially all isotropic MEs using a set of known (tabulated) Ω -integrals. It requires computations with increased accuracy, for which the MPFUN2015 [14] package was used. The program was tested by the ME calculation for the hard sphere model.
For power interaction laws, the expansion of linear isotropic ME of the second type in Ω * integrals is reduced to a single sum. This representation made it possible to generalize the formula obtained in [8, 4] to the case of an arbitrary mass ratio.
For arbitrary interaction laws, isotropic non-linear ME can be calculated by the formula (27), in which the coefficients β r r 1 +1,N (n, m) are determined by the use of a recurrence procedure. In turn, as mentioned above, they are the starting values for calculating non-isotropic non-linear ME.
Thus, the use of the both recurrence procedures described in this article and in our previous article [6] makes it possible to find all the ME of the non-linear collision integral for arbitrary laws of interaction and arbitrary masses of the colliding particles. Tabulated matrix elements can then be used to solve various problems.
This greatly expands the application of the moment method, which can now be used to calculate highly non-equilibrium distribution functions in real physical situations.
